DE-EQUIVARIANTIZATION OF HOPF ALGEBRAS 
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Abstract. We study the de-equivariantization of a Hopf algebra by an afnnc 
group scheme and we apply Tannakian techniques in order to realize it as 
the tensor category of comodules over a coquasi-bialgebra. As an applica- 
tion we construct a family of coquasi-Hopf algebras A(H, G, "I") attached to a 
coradically-gradcd pointed Hopf algebra H and some extra data. 



Introduction 

Actions of groups over abelian categories have been studied in recent years with 
the purpose of constructing, describing and studying categories with symmetries. 
For example, Gaitsgory [G] introduced the notion of the action of an affine group 
scheme G over a C-linear abelian category C and the category of G-equivariant 
objects C G , called the equivariantization of C by G. The category C G has an action 
of Rep(G) and the category of Hecke eigen-objects in C G is again C. In general, if 
Rep(G) acts on an abelian category C, then the category of Hecke eigen-objects in 
C is called the de-equivariantization of C by G. 

Equivariantization and de-equivariantization are standard techniques in theory 
of fusion categories |DGNO| and have been applied in geometric Langlands program 
[FGj and quantum groups |ArGj . 

Now, if C is a tensor category and the action of Rcp(G) over C is tensorial, 
then the de-equivariantization has a natural tensor structure. A special but very 
important type of tensor categories are those equivalent to the category of corep- 
rcscntations of a Hopf algebra, which include representations of algebraic groups, 
quantum groups, compact groups, etc. If C is the category of comodules (or finite 
dimensional modules) over a Hopf algebra, then C G — > C — > Vec is a fiber functor on 
C (where C G —> C is the forgetful functor) and by Tannakian duality C is the cat- 
egory of comodules over Hopf algebra. Thus, the family of Hopf algebras is closed 
under equivariantization, in the sense that we obtain new categories which are 
equivalent to categories of corepresentations of Hopf algebras. This is not the case 
for the de-equivariantization process since the de-equivariantization of comodules 
over a Hopf algebra is not always equivalent to the category of corepresentations 
over a Hopf algebra (see Subsection 13.31 for concrete examples). However, under 
some mild conditions, it is always the category of corepresentations over a coquasi- 
bialgebra. As a consequence there exist coquasi-Hopf algebras not twist equivalent 
to Hopf algebras, which admit an equivariantization equivalent to a Hopf algebra. 
This phenomenon was used in |EGj to relate the Drinfcld doubles of some quasi- 
Hopf algebras with small quantum groups, and in |Alj in order to classify the family 
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of basic quasi-Hopf algebras with cyclic group of one-dimensional representations, 
under some mild conditions. 

In this paper we study the de-equivariantization of the category of comodules 
over a Hopf algebra by an affinc group scheme and apply Tannakian techniques to 
realize the de-equivariantization as the tensor category of comodules over a coquasi- 
bialgebra. 

We apply the construction to interpret the central extensions of Hopf algebras as 
a particular example, and an additional application to the context of pointed finite 
tensor categories, extending the family of examples obtained in jEGj . [Gej . |Alj . 

The organization of the paper is the following. In Section [1] we recall the defini- 
tions related with the main construction of this paper. First, the relation between 
affinc group schemes and commutative algebras, then co-quasi bialgebras, and fi- 
nally the center of a tensor category. In Section [2] we build a co-quasi Hopf algebra 
which represents the tensor category obtained as the de-equivariantization of the 
category of co-representations of a Hopf algebra. To do this, we consider cen- 
tral braided Hopf bialgebras, which arc in correspondence with inclusions of tensor 
categories of comodules over Hopf algebras with certain factorization through the 
center, making emphasis on the case of algebras of functions over an affinc group 
(in particular, over finite groups). We then obtain the corresponding coquasi-Hopf 
algebra representing a de-equivariantization over the comodules of a Hopf algebra 
by a Tannakian reconstruction. Finally, Section [3] contains some applications of the 
previous results. The main one is the case of finite-dimensional pointed Hopf alge- 
bras, which gives place to a general construction of pointed coquasi-Hopf algebras, 
and consequently finite pointed tensor categories. 



1. Preliminaries 

In this section we recall some definitions and results on Hopf algebras, affinc 
group schemes and coquasi-Hopf algebras. For further reading on these topics wc 
the reader to [M], jW] and [Sl| respectively. Throughout the paper we work over 
an arbitrary field k. Algebras and coalgcbras are always defined over k. For a 
coalgebra (C, A, e) we shall use Sweedler's notation omitting the sum symbol, that 
is A(c) = ci <E) C2 for all c G C. Similarly if (M, A) is a left C-comodule, then 
A(m) = m_i (g) mo G C ' <£> M for all m G M . The category of left C-comodules shall 
be denoted by C M. 

1.1. Affine group scheme and commutative Hopf algebras. Let k-Alg de- 
note the category of commutative k-algcbras and Qrp the category of groups. An 
affine group scheme over k is a representable functor G : k-Alg — > Grp. By Yoneda's 
lemma the commutative algebra that represents G is unique up to isomorphisms, 
and we shall denote it by 0(G). The group structures on G(A), A G k-Alg, deter- 
mine natural transformations 

m : G x G -> G, 
1 : Sp{k) — » G, 
i:G^G, 
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and they define algebra maps 

A : 0(G) — » 0(G) ® 0(G), 
e : 0(G) -> k, 
S : 0{G) -> 0(G), 

that give a Hopf algebra structure on 0(G). Conversely, if K is a commutative Hopf 
algebra, then Spec(K) : k-Alg — > Set, A i— > Alg(K, A) is an afhne group scheme 
with group structure given by the convolution product and this defines an anti- 
equivalence of categories between affine groups schemes over Ik and commutative 
Hopf algebras over k. 

Under this equivalence the category of representations of G is equivalent to the 
category of 0(G)-comodulcs, and quasi-coherent sheaves on G are 0(G)-modulcs. 

1.2. Coquasi-bialgebras. A coquasi-bialgebra (H, m, u, u>, A, e) is a coalgebra (H, A, e) 
together with coalgebra morphisms: 

• the multiplication m : H <g) H — 5- H (denoted m(h <g> g) = hg), 

• the unit u : k — > H (where we call u(l) = 1h), 

and a convolution invertible element ui £ (H®H®H)* such that for all h, g,k,l S H: 

(1.1) hi(giki)Lo{h2,g2,k 2 ) = u(hi,gi,ki)(h2g2)kz 

(1.2) ljj/i = U fl = h 

(1.3) w(/iigi, fci,?i)w(/i 2 , g2,kih) = u(hi,gi,ki) 

U}(h 2) g2ki,h)u(g3, k3,h) 

(1.4) w(M*,$) = e(h)e(s). 

Note that w(ljj, /i, g) = u>(/i, 5, ljj) = e(h)e(g) for each g, h E H. 

A coquasi-Hopf algebra is a coquasi-bialgebra -ff endowed with a coalgebra anti- 
homomorphism S : H — > H (the antipode) and elements a, /3 S -ff* satisfying, for 
all ft e ff: 

(1.5) S(Jn)a(A 2 )fca - "(Miff 

(1.6) MCWfaa) = P{h)l H 

(1.7) e(ft) = ^/ii/3(/i2),<S(/i 3 ),a(/i4)ft 5 ) 

= cj" 1 ^), a{h2)h 3 p{h A ), S(h 5 )). 

The category of left ff-comodules ff is rigid and monoidal, where the tensor 
product is over the base field and the comodule structure of the tensor product is 
the codiagonal one. The associator is given by 

<h,v,w ■ (U ® V) <8 W — > Cf <8> (V g) W) 
4>u,v,w(( u ® u ) ® w ) = w(w_i,v_i,io_i)«o ® (^0 ® Wo) 

for u € U, v € V, w € W and U,V,W £ ff A4. The dual coactions are given by 5 
and iS -1 , as in the case of Hopf algebras. 
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1.3. The center construction and the category of Yetter-Drinfeld mod- 
ules. The center construction produces a braided monoidal category Z(C) from 
any monoidal category C, see [Kj- The objects of Z(C) are pairs (Y,c-,y), where 
Y G C and cx,y ■ X ®Y — > Y ® X arc isomorphisms natural in X satisfying 
cx®y,z = {cxz ® idy)(idx ® cy.z) and cjy = idy, for all X,Y,Z £ C. The 
braided monoidal structure is given in the following way: 

• the tensor product is (Y, c_,y) ® (Z, c_ : z) = (Y ® Z, c-^gz), where 

cx,y«,z = (id y ®c x ,z)(cx,y ® id z) :X®Y(g)Z->-Y®Z(g)X, 

for all X EC, 

• the identity element is (I,C— t i), Cz,i = id 2 

• the braiding is the morphism cx,y- 

Let if be a Hopf algebra with bijective antipodc. We shall denote by H M. the 
tensor category of left ii-comodulcs. The category Z( H M) is braided equivalent 
to the category %yT> of left-left Yetter-Drinfeld modules, whose objects are left 
iJ-comodules and left ii-modules M satisfying the condition 

(1.8) (hi — 1 m)—ih 2 ® (hi — 1 m)o = /iim_i ® /12 — 1 "t-o 

for all m G M, h e H. A Yetter-Drinfeld module TV becomes an object in iJ( ff A4) 

by 

CM,N{tn ® n) = m_i — 51 n ® m , 
and inverse N (n (g> m) = mo ® 6> _1 (mi) — n. 

2. De-equivariantization of Hopf algebras 

2.1. Central inclusion and braided central Hopf subalgebras. Let -ff be a 

Hopf algebra with bijective antipode. Let G be an afhne group scheme over k and 
0(G) the Hopf algebra of regular functions over G. 

A central inclusion of G in H is a braided monoidal inclusion 1 : Rep(G) 
Z( H M.) = jy^D , such that the braiding of ^yV restricts to the usual symmetric 
braiding of Rep(G), and the composition Rep(G) '—t ^yT^ — > H M. gives an 
inclusion. 

In order to describe in Hopf-thcorctical terms the central inclusions, we need the 
following concept. 

Definition 2.1. Let H be a Hopf algebra. A braided central Hopf subalgebra of 
H is a pair (K, r) , where K C H is a Hopf subalgebra, and r : H ® K — > k is a 
bilinear form such that: 



(2.1) r(hh',k) =r(h',ki)r(h,k 2 ), 

(2.2) r(h, kk') = r(h u k)r(h 2 , k'), 

(2.3) r(h,l)=s(h), r(l,k) = s(k), 

(2.4) r(hi,ki)k 2 h 2 = hikir(h 2 ,k 2 ), 

(2.5) r(k,k')=e(kk'), 
for all k, k' G K, h, h' G H. 

Remark 2.2. (1) The conditions ([2T]). (|272]) . (|273]) . say that r : if <g> X -4 k is 



a Hopf skew pairing, so in particular r has a convolution-inverse 
r -1 ^, k) = r(h, S(k)), (heH,ke K). 
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(2) The algebra K is commutative by ()2.4j) and (|2.5j) . 

(3) For all V G H M,W G Ai, the map r defines a natural isomorphism 
cv,w ■ V ®W -^>- W ®V, v ® w ^ r(v-i,w-i)w ® «o in H AL and these 
isomorphisms define a braided inclusion K Ai — > Z{ H M) = ^yT). 

(4) The condition (|2.5p implies that K is a commutative algebra in Z( H Ai). 

For example, any central Hopf subalgebra K C H is braided central with r = 
£h ® £k- Conversely, if K C if is a braided central Hopf subalgebra with r = 
£h ® then if is a central Hopf subalgebra. 

Lemma 2.3. Let K <Z H be a braided central Hopf subalgebra. Then 
(2.6) r(xh, k) = r(hx, k) = e(x)r(h, k), 

for all x,k G K,h G H , 

Proof. It follows from conditions ()2.1|) and (|2.5|) . □ 

The following result exhibits the relevance of braided central Hopf subalgebras. 

Theorem 2.4. Let H be a Hopf algebra and K C H a commutative Hopf subalge- 
bra. Then the following set of data are equivalent: 

(1) A map r : H (g) K — > k such that (K, r) is a braided central Hopf subalgebra 
ofH. 

(2) A braided monoidal functor F : K M -4 Z( H M) = such that the 
composition with the forgetful functor Z( H Ai) = ^yT) — > Ai is an 
inclusion. 

(3) A Hopf algebra map 7 : K -)■ (H°) co p with j(k)\ K = e and 

( r y(ki),h 1 )k 2 h 2 = hiki(^(k 2 ),h 2 ) 

for all h G H, k G K ( H° denotes the finite dual Hopf algebra). 

Proof. (1) =>■ (2) Let M G K M, then the map H ® M -» M,h ® to M- 
r(h,m-i)nio, defines a structure of i/-module, that satisfies the Yettcr-Drinfeld 
compatibility by (|2.4j) . 

(2) =>■ (3) Since every comodulc is a colimit of finite dimensional comodules, the 
image of the monoidal functor K Ai — > ^yT> — > nAi lives in the tensor subcategory 
of h M. of if-modules that are colimits of finite dimensional if-modules, then the 
monoidal functor K Ai — » ItD^C — ^ ffAl = ( ff0 ) eoP A / ( induces a unique Hopf 
algebra map 7 : K — s> (H°) cop given by 

ft, — ^ 77;, = (7(m_i), h)mo, 

for all ft G if, 777 G M and M G X AL 
It is enough to prove that 

/iim_2(7(m_i), /12) <8> mo = TO_ift 2 (7(m_ 2 ), fti) <g> m , 

for all 777 G 71/, M G K AL Indeed, (|L~8|) implies that 

ftl777_ 2 (7(777_l, ft 2 ) ® TO = ft-lTO_ 2 55 (7(m„ l , ft 2 )TO 

= ftlTO_ 2 (g) ft 2 — 777o 
= (ftx m)_ift 2 ® (fti 777,)o 

= m_ift 2 (8 (7(m_2, fti)m 

= 777_ 1 ft 2 (7(TO_ 2 ), ftx) (g> TO . 
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(3) =>■ (1) The map r(h 7 k) = (7(fc),/i) defines a braided central structure over 
K. □ 



The following result in an immediate consequence of Theorem 12.41 

Corollary 2.5. Let H be a Hopf algebra. There exist a bijective correspondence 
between central inclusions of G in H and braided central Hopf subalgebras K of H 
such that K = 0(G) as Hopf algebras. □ 

2.2. De-equivariantization of a Hopf algebra by an affine group scheme. 

Let H be a Hopf algebra and G be an affine group scheme. Let K C H a braided 
central Hopf subalgebra with K = 0(G). 

The algebra 0(G) is a commutative algebra in the symmetric category Rep(G), 
and thus a commutative algebra in the braided tensor category ^yT> (see Remark 
12.21 item (4)). Therefore, the algebra 0(G) is braided commutative. 

We define the de-equivariantization H M(G) of H M by G, as the category of 
-ff-equivariant sheaves on G, that is the category of left 0(G)-modules in H M.. 

Now, the category qM.g of 0(G)-bimodules in A4 is a tensor category with 
the tensor product M<E>o(G)^- We shall see in the next proposition that this tensor 
product induces a monoidal structure on H A4(G). 

Proposition 2.6. Let V £ H M{G) with left 0{G)-module structure 0(G) ® 
V — > V and left H-comodule structure A : V — > 0(G) ® V, v \-> v-i (8 vq. The map 
J —\ V ®0(G) —>V,V J —x = r(v-i 1 x\)x2 — Vq, makes V an object in qMg- This 
rule defines a fully faithful strict monoidal functor from H A4(G) to qA4g- 

Proof. Let V 6 H M(G) with left 0(G)-module structure 0(G) ® V -> V and 
left iJ-comodule structure A : V — > 0(G) <X> V, v n- u_i C2> vo. 

(1) The map ■<— : V (g> 0(G) — > V defines a right 0(G)-module structure: for any 
v e V and e 0(G), 

(v <— x) J— y = (r(u_i, xi)a:2 «o) V 

= r(v^ 1 ,xi)r((x 2 «o)-i,J/i)y2 (a;2 «o)o 
= r{v-2,xi)r{x2V-i,yi)y2 - 1 (x 3 u ) 
= r(t)_ 2 ,a;i)r(v_i,j/i)y2a;2 
= r(v_i,y 1 xi)y 2 x 2 v 
= v<- (xy), 
v J— 1 = r(u_i, 1)« = e(w-i)«o = 

(2) The map : V ® 0(G) — > V is a morphism in ff AL- 

(t> (8 (v x)o = r(v-2,%)v-i (8 "o, 

® w ■'— x 2 = v_2£i ® r(v-i , x 2 )vo 
= r(v-i,x 2 )v- 2 xi ® v 
= r(v- 2 ,xi)x 2 v-i (8 w 
= r(v-2,xi)e(x 2 )v-i 8 w 
= r(v- 2 ,x)v_i (g) w - 
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(3) The maps and — 1 commute: 

(x v) ^y = r((x v)-i,yi)y 2 (x v) 
= r(xiu_i,j/i)y 2 x 2 ^ v Q 
= e(xi)r(u_i, j/!)j/ 2 ^ ^2 ^ w 
= r(u_i, 2/1)2/2 2c « 
= a; (u ^- y). 

(4) Let / : V -> W a morphism in H M(G), to see that / : V ->■ W is a 
morphism in qMg is enough to prove that / is a right 0(G)-module morphism, 

f(v "—x) = f{r{v\,x\)x2 i>o) = r(«i,xi)a;2 /(i> ) 

= r(f(v)- 1 ,xi)x 2 - 1 f(v) 
= f(v) <- x. 

for all x G 0(G), ve V. 

Therefore we have a well-defined fully faithful functor from H M(G) to qM.g- 
Let V, W G H M(G), v eV,w eW,x e G(G), the calculation 

r((v ®o(G) w)-i,x 1 )x2 - 1 (v ®o(G) Ho = r(u_iW_i,Xi)(x 2 u ) ®G(G) w 

= r(w-i,x 1 )r(v^ 1 ,x 2 )(x s v ) ® (G) 
= r(w-i,xi)(v x 2 ) ®o(G) wo 
= r(w-i 1 xi)v ®o(g?) ^2 u>o 
= w ®e>(G) (w x). 

proves that the right 0(G)-action oiV<E>o(G) W is induced by the left 0(G)-action; 
in other words, ®o(G) defines a monoidal structure on H A4(G) such that H A4(G) 
is a tensor subcategory of qMg- D 

Definition 2.7. Let H be a Hopf algebra and G an afiine group scheme, with a 
central inclusion of G in H. The category H M(G) with the monoidal structure 
®0(G) is called the de-equivariantization of if by G. 

2.3. Tannakian reconstruction of H A4(G). Let H be a Hopf algebra and 
0(G) C ii be a braided central inclusion of G in if. We shall say that the central 
inclusion of G in H is cleft if there exists a convolution invertible 0(G)-linear map 
7r : iJ — > 0(G); such a map is called a cointegral. 

Lemma [2~3l implies that r : H <g> 0(G) — ► k induces a well-defined map 

H/0(G) + H ®0{G) ->k, h®k^r(h,k), 

which we will denote again by r (here, 0(G) + = ker(e) is the augmentation ideal). 
The goal of this section is to prove the following result. 

Theorem 2.8. Let H be a Hopf algebra and (0(G), r) a cleft braided central Hopf 
subalgebra with cointegral n such that £7r = e and 7r(l) = 1. Then the quotient 
coalgebra Q := H / 0(G) + H is a coquasi-bialgebra with multiplication and associator 
given by: 

(2.7) m(a ® b) = j(a 1 )j{b) 1 r(a 2l n(j(b) 2 )) 

(2.8) u(a ® 6 8> c) = r(o, 7r(j(6)ij(c)i))r(j(6) 2! 7r(j(c)a)), 
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where a, b, c 6 Q and j : Q — > H , q M> n 1 ((71)92- There is a monoidal equivalence 
between H M{G) and Q M. 

Before to give the proof of the Theorem, we want to explain briefly the Tannakian 
reconstruction principle that we shall use. Let C be a coalgcbra and C A4 be 
the category of left C-comodules. Assume that c M. has a monoidal structure 
® : c Mx c M -> C M, ctv,w,z '■ {V®W)®Z — > V®(W®Z), 1®V = V®1 such 
that the underlying functor C A4 — > Vectt is a strict quasi-monoidal functor, i.e., 
V~®W = V ®kW and 1 = k as vector spaces, then C has a coquasi-bialgebra 
structure (to, w) given by 

(2.9) m(a,b) = {a® 6)_ie((o ® 6) ), 

(2.10) u)(a,b,c) = e(a(a <g> b ® c)) 

and the monoidal structure on c jV1 defined by the coquasi-bialgebra structure co- 
incides with the monoidal structure (®,a, 1). 

Proof. From now on we fix a cointegral 7r such that en = e and 7r(l) = 1. Let 
Q = H/0{G)+H be the quotient coalgebra of if, then by |DMR[ Theorem 2.4] and 
|Schl Theorem II] the functors 

(2.11) V : H M{G) -> Q A4 

(2.12) M ^M = M/K+M 

(2.13) JZUqV V, 

define a category equivalence, where M = M / 0(G) + M is a left Q-comodule with 
m_i ®m = m_i ®mo, and ffDgy = h®v\ h\®h2®v = h®V-i®Vo} £ 
H A4(G) has as left fZ-comodule and a left 0(G)-module structures the ones induced 
by the left tensor factor. 

By [Sll Lemma 3.3.5], for all M,N e H Ai(G) we have a linear isomorphism 

Cm,N - M®N -> M ® 0(G) JV 

77T @§ tT 1 — ^ m ®o(G) 7r ~ 1 ( n -i)no 

r(m_i, 7r(ri_i)i)7r(n_i) 2 TOo <S> no = TO7r(n_i) ®no <-i to ®e>(G) ^ 

such that the functor (V,C) : H M{G) -> Vcc k , M (->• M := M/K+M is 
quasi-tensor. Then using the equivalence (|2.11|) . the category ^.M has a (unique) 
monoidal structure such the V is a monoidal equivalence and the following diagram 
of functors commutes 

H M{G) - QM 




Veck 

Consequently the underlying functor IA becomes an strict quasi-monoidal functor 
and we can apply Tannakian reconstruction. 

A natural section j : Q — s- H for the canonical projection vh ■ H Q is given 

by 

(2.14) j(h)=Tr- 1 (h-i)h . 

Fix a cointegral it : H —> 0(G) such that 7r(l) = 1, and define j as in (|2.14|) . 
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(m ® n)_i <g> (m ® n) = 







(m <gi i(n))_ 


i ®£ _1 (m<g> j(n)) 


m_ii(n)_i 


»£ _1 (™o ® i(n)o) 




8 r(m _i,7r(i(n) ,-i)i) 


^(i(«)o, 


-i)2"i Q0 ® j(n)oo 


m_ 2 j(n)_ 2 


»r(m_i,7r(j(n)-i)i) 


7r(j(n)_ 


i)2m <8> j(n)o 


j(m- 2 )j(n) 


-2 <8 r(m-i,7r(j(n)_i)i) 


n(j(fi)- 


i)2m ®i(n)o, 



for all m,n € H, m,n e Q. Now, applying the formula (|2.9[) . we have 



m{m®n) = j(TO_ 2 )i(n)_2r(TO_i,7r(j(n)_i)i)e(7r(j(n)_i) 2 m )e(j(n)o) 
= i(TO-2)j(«)-ir-(m-i,7r(i(n)o)i)e(7r(j(n) )2m ) 
= i(TO_i)i(n)_ir(mo,7r(j(n) )), 



that is 



m(a ® 6) = j(a 1 )j(b) 1 r(a 2 , n(j(b) 2 )). 



The constraint of associativity of is defined by the commutativity of the 

diagram 



L®M®N 



L®M (g)N 




L®M 0>o(G) N 
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Hence, 

a(l <g> to ® n) = id ig> o ^ M9oia)N o Ci® 0(G) M,jv ° £l,m <S> id (I ® M ® n) 
= id ® ° G,W 0(0 )Jv( ! ® ® i(")) 

= id ® Cm^K'-i^CO'N) ®i(™))-i)0 

7r((j(m) ® i(n))_i) 2 Z ® j(m)o <8>i(n) ) 
= r(/_i,7r(j(m)_ij(n)_i)i)id® 

^M,N( w U( w )-d{n)-i) 2 lo ® j(m)o <8> i(n) ) 
= r(Li,7r(i(m)_ij(n)_i)i)r(j(rn)o,-i,7r(i(n)o -1)1) 

7r (j( m )-ij(" : )-i)2^o ® n(j(n) ,_i)2i(m)oo <8i(n)oo 
= rG-i,^(i(w)_2j(n)_2)i)r(j(m)_i,7r(i(n)_i)i) 

7r(i(m)_ii(n)_i) 2 Zo ® 7r(j(«)- 1)2.7(^)0 ® j(n) 
for all / G L, m G M, n G JV. Applying the formula (|2.10jl . 

w(7 ® m ® n) = r(l-i, 7r(i(m)_ 2 j(n)_2)i)r'(i(m)_i,7r(j(n)_i)i) 

e(7r(i(m)_ii(n)_ 1 )2/o)e(^(i(n)-i)2i(m)o)e(i(ri)o) 
= ?'(^7r(j( m )-ij(" : )-i)) ?, (j(^)o,7r(j(" : )o)), 

that is 

w(a (8 6 O c) = r(a, 7r(j'(6)i j(c)i))r(j(b) 2 , n(j(c) 2 )) 
for all a, b, c G Q. 

□ 

Remark 2.9. (1) If 7r : i7 — > A' is any integral then 7r'(/i) := Tr(hx)£Tr~ l (h 2 ) is 
again an integral such that en' = e. 

(2) If 7r : H -> A is an integral, then 7r(l) G # x , and 7r'(/i) := 7r(7i)/7r(l) is 
again an integral such that tt'(1) = 1. 

(3) If H is finite dimensional Hopf algebra H, every Hopf subalgebra K C H 
admits an integral n : H —> K. 

Proposition 2.10. If H is finite dimensional and G is a constant finite algebraic 
group, then the coquasi-bialgebra Q defined in Theorem \2.8\ admits a coquasi-Hopf 
algebra structure. 

Proof. Since G is a constant finite group it follows by [DGNO| Theorem 4.18] that 
the de-equivariantization is a rigid monoidal category. Since Q is a quotient of H, 
Q is a finite dimensional and by |S21 Theorem 3.1], Q is a coquasi-Hopf algebra. 

□ 

3. Applications 

In the last part of this work we will apply the results of the Section [2] to some 
particular cases. First we consider the category of G-graded vector spaces, for some 
group G. Second, we look at quotient of Hopf algebras by central Hopf subalgebras, 
and view them as a de-equivariantization. Finally we study a family of pointed 
finite-dimensional coquasi-Hopf algebras, whose dual algebras are a generalization 
of the quasi-Hopf algebras A(H, s) in |Alj . 
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3.1. Baby example. Let L be a discrete group, G C Z(T) a central subgroup of 
r, and r : T x G — > k* a bicharacter such that t\gxg = 1- Then the pair (kG, r) is 
a braided central Hopf subalgcbra of kT. 

We shall fix a set of representatives of the right cosets of G in T, Q C G. Thus 
every clement 7 6 T has a unique factorization 7 = gg, g G G, q G Q. We assume 
e G Q. The uniqueness of the factorization L = GQ implies that there are well 
defined maps 

■-.QxQ^Q, e-.QxQ^-G, 
determined by the conditions 

pq = 9(p, q)p -q, p,qeQ. 

The map 9 is a 2-cocycle 9 G Z 2 (T/G, G) where T/G acts trivially over G, since G 
is a central subgroup of T. 

We define a map 7r : L —t G, 7 i— > x, where x G G is the unique element such 
that j = xp with p £ Q, and j : Q — » T is the inclusion. Now by Theorem 12.81 the 
de-equivariantization is defined as follows. Let K be the quotient group T/G, then 
the group algebra kK with the 3-cocycle 

u){u, v, w) = r(u, 9(y, w)) 

is a coquasi-Hopf algebra and kK M. is tensor equivalent to kr A4(G), the de- 
equivariantization of kr j\4 by the affine group scheme G(— ) = AZ<?(kG, — ). 

Now, we will explain how this construction determines the same data of (All 
Example 2.2.6]. If T is abelian, the map r : T x G — > k* defines a group morphism 
T : G -> L, a; i-» r(— , x) such that (T(x'),x) = r(x, a;') = 1, for all x, x' G G, thus 
it defines an inclusion of Vecc as a Tannakian subcategory of Z(Vecr), and the 
3-cocycle over K is: 

lo(u, v, w) = r{u, 9{v, w)) = (T(9(v, w)), u). 

3.2. Second example: Central extension of Hopf algebras. Let H be a 

Hopf algebra and (K, r) a braided central Hopf subalgcbra, if r(h,x) — e(hx) for 
all h G H, x € K, then K C H is a central Hopf subalgcbra and this defines a 
central inclusion of the group scheme G = Spec(K) in iJ. Also since K is central, 
K + H is a Hopf ideal and Q = H / K + H is a quotient Hopf algebra of H . 

Proposition 3.1. Let H be a Hopf algebra and K G H a cleft central Hopf subal- 
gebra, then the de-equivariantization of M. by G = Spec(K) is tensor equivalent 
to the tensor category of comodules over the Hopf algebra Q = H/K + H. 

Proof. The central Hopf subalgebra K is braided central with r(h, k) = e(hk) for 
all h G H, k G K. Then the product and coassociator in the coquasi-bialgebra 
defined in Theorem 12.81 are 

m(a ®b) = j(W)j(b)ir(a5, 7r(j(6) 2 )) 
= j{ai)j(b)ie(a 2 )e(TT(j(b) 2 )) 
3 {a) jib) =j(a)j(b) = ab, 
r(a,n(j{b) 1 j(c) 1 ))r(j(b) 2 ,TT(j(c) 2 )) 
e (a) £ (7r(i(6) 1 j(c) 1 ))e(j(6) 2 ) e (7r(i(c) 2 )) 
e(abc), 



ui(a (g> b (g> c) = 
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for all n,6,c£ H, a,b,c € Q. Then the coquasi-bialgcbra structure is the Hopf alge- 
bra quotient structure, and the ' M. is tensor equivalent to the de-equivariantization 
by Spec(K). □ 

The interesting point of the Proposition above is that this provides a categorical 
interpretation of the tensor category Q M. in terms of de-equivariantization of an 
affine group scheme. 

Example 3.2. Let G be a connected, simply connected complex simple Lie group, 
and let g be its associated Lie algebra. In |ArGj the authors consider the following 
setting: an injective map of Hopf algebras i : 0(G) A, and a surjective map, 
ir : A — > Q, satisfying the conditions 

i) 7r o i{a) = e(a)l<2, for all a G 0(G); 

ii) A co * = 0{G); 

iii) kerTr = 0(G)+A; 

iv) either A is flat as C(G)-module, or the functor Ind : ® M. — > A M is exact 
and faithful. 

Therefore, they obtain an equivalence between the category ®M and the de- 
equivariantization of A A4 by G, see |ArG[ Thm. 2.8]. Now, our results give an 
alternative proof to this equivalence and we can state that this is a tensor equiva- 
lence. 

They apply the result to the following case. Let I > 3 be an odd integer, relative 
prime to 3 if g contains a GVcomponent, and let C be a complex primitive l-th root 
of 1. By Oq(G) we denote the complex form of the quantized coordinate algebra of 
G at £ and by u^(g) the Frobenius-Lusztig kernel of g at £, see [PL] for definitions. 

We need the following facts about Oq(G), see |DL| Prop. 6.4]: it fits into the 
following cocleft central exact sequence 

1 -> 0(G) O c (G) u c (q)* -> 1. 

Then the tensor category of modules over the Frobenius-Lusztig kernel is a de- 
equivariantization of 0^(G), which is the main result of jArGj . Moreover, the main 
result in jAnGj establishes that any quantum subgroup is obtained as a cocleft 
central exact sequence, similar to the previous one, that is, we can view these 
constructions as de-equivariantizations. 

The same construction works for the restricted two parameter (pointed) quantum 
group u a ^(gl n ) with the algebraic group GL n , where a,/3 e k are such that a/3 -1 
is a root of unity of order I, and a 1 = (3 l = 1. According to |Ga| Cor. 5.3, 5.15], we 
have a central extension of Hopf algebras 

1 -> 0(GL n ) -> O a ,p(GL n ) -> u a ,p(gl n )* -> 1. 

Therefore Proposition 13. II shows that the category of modules over u a> p(Ql n ) is the 
de-equivariantization of the category of comodules over O a ^p(GL n ) by GL n . A 
similar situation holds for any quantum subgroup of this quantum group. 

3.3. A generalization of the family of algebras A(H,s). In this Subsection 
we shall assume that k is an algebraically closed field of characteristic zero. 

Let r be a finite group and T = Hom(T,k*). We consider a finite-dimensional 
coradically graded pointed Hopf algebra H = ® n >oH n , with G(H) = T. We assume 
that H is generated as an algebra by Y and Hi ; this is always the case if Y is abelian, 
see |A2| Theorem 4.15]. We fix a basis x\,- ■■ ,xg of the space V of coinvariants 
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of Hi, so H ~ £>(y)#kr, where B(V) is the Nichols algebra associated to V, and 
A(xi) = Xi <8> gi + 1 ® Xi for some G I\ 

Proposition 3.3. Let H = ©?L T, xi,--- , xg 6e as before. There exists a 
bijection between 

(a) central braided Hopf subalgebras (K,r), and 

(b) pairs (G, $) , where G is a central subgroup of T , and $ : G — >• T is a 
morphism of group such that 

/or all g,g' e G, 1 < i < 9. 

The correspondence is given by defining K = kG, and extending the evaluation map 
< •, $(•) >: r x G — > k, linearly to Hq <g> K, and as zero over H n , n > 1. 

Proof. Given a central braided Hopf subalgebra A' C H, we have that K C Hq 
is commutative, so A = kG for some subgroup G of T. By (|2.4j) . G is inside the 
center of T. By (|2.1j) and f|2 . 2[) . we have a morphism of groups $ : G — !> T given by 

<7,$(5) >:=r(7,ff), 7er,. 9 eG, 

such that (5', $(.9)) = 1 for all g' <G G. Now by (|2.2p we have also that 

r{xi,g) ggi + gx l = r(g t ,g) x L g + r(xi,g) g, 

so r(xi,g) = 0, and gxig^ 1 = r(gi,g)xi for all i and all jeG, because ii is graded 
and gi 7^ 1. As if is generated by skew primitive and group-like elements, we 
deduce that 

r(x,k) = 0, for all k £ A, x G H n ,n > 1. 
The converse is easy to prove. □ 

Remark 3.4. Fix a set Q C T of representatives of the right cosets of G in T. Note 
that the map n : H — > K = kG given as in Subsection 13.11 over Hq, and extended 
as over the other components, is an integral for A. 

Definition 3.5. Let H = ©„> H n be a coradically graded finite-dimensional 
Hopf algebra such that Hq = kT, where T is a finite group, and H is generated by 
group-like and skew-primitive elements. For each pair (G, $) as in the Proposition 
13.31 we shall denote by A(H, G, $) the coquasi-Hopf algebra associated, constructed 
by using Theorem 12.81 

Example 3.6. Let H = ® n >oH n be as above, where G(H) = T is an abelian group. 
Therefore H is generated by the group- like elements and a finite set xi, . . . ,xg of 
(ji, l)-primitive elements, i.e. 

A(xj) = Xi ® 7, + 1 <g> Xi, ie{l,...,9}, 

and also we can suppose that there are characters Xi 6 T such that 

7Xi7 _1 =Xj(7)xj, i £ {1,...,6»},7 6 T. 

In this case, $ satisfies the condition Xi(7) = {lii ^(7)) f° r an * £ {lj • • • 5 an d 
all 7 £ r. Therefore $(7) is uniquely determined (and possibly it does not exist) 
when the 7,'s generate T as a group. 
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The Nichols algebra B(V) admits a N^-gradation, and we can fix a basis B of 
B(V) whose elements are N e -homogeneous, and such that 1 € B. For each x 6 B 
we denote |x| £ N its degree, and 

7x:=7i ai ---7 e ae , Xx~Xt---X a g e , if |x| = . . . , a e ) £ N e . 

Therefore 7x7" 1 = Xx(7)x for all 7 £ T, and A(x) is written as the sum of x ® 1 
plus 7x (8 x plus terms in intermediate degrees for the N-gradation. Fix a set of 
representatives elements q\ = e, . . . , qt G V of T/G, so Q has a basis (<7ix) x eB,i<i<t- 
Therefore the multiplication and the associator of Q are given by: 

m{qiX,qjy) = r(q i j x ,TT(q j jy))q i x ■ qjy = <^(Tr(q j 'jy))(q i j x )q i x ■ qjy, 

u(qiX,qjy,q k z) = r(q l ,Tr(q j q k ))r(q jl Tr(q k ))d x s5y tl S z .i 

for any x,y, z £ B and 1 < i, j, k < i. 

More concretely, suppose that T is a cyclic group of order m 2 , generated by 
7, and that xi, . . . ,xg are the skew-primitive elements. Thus, if q is a primitive 
m -roof of unity, there are unique integers di,bi, module m 2 , such that 

Xi(7)=<?*, AO;) = Xi <g> 7 bl + 1 

Set G = (3), where g = 7™, so G ~ Z n , and xfT such that ^(7) = 9- A morphism 
<f> : G — 5- r is determined by an integer s (unique modulo n) such that = x ns ■ 
Therefore the conditions in Proposition 13.31 arc satisfied for each element in 

T'(H) :={s: < s < n - 1, b t s = di(n),Vi = 1,...,0}. 

A set of representatives of T/G ~ Z„ is given by7 l ,0<i<n — 1. 

Remark 3.7. If 7? is a finite dimensional Hopf algebra as in this example, then H* 
also is of this type and T'(H*) = T(H), where T(H) was defined in [Alj . 

For each s e T'(H) there exists a coquasi-Hopf algebra A'(H,s). We iden- 
tify the group of simple (one-dimensional) comodules with Z n , and the 3-cocycle 
determining the associator is 

ufrWrf) = q nsi ( j+k -« +k Y) , 0<i,j,k<n- 1, 

where j' denotes the remainder of j in the division by n. Note that A'(H, s) is dual 
to the quasi- Hopf algebra A(H*,s) of [Alj . and these quasi-Hopf algebras include 
the examples in |Gej . 

Example 3.8. We consider now de-equivariantizations of some pointed Hopf alge- 
bras related with small quantum groups by applying the previous construction. 

We fix then a finite Cartan matrix A = (p<ij)x<i,j<8 corresponding to a semisim- 
ple Lie algebra g, positive integers di, 1 < i < 8 such that they are the minimal 
ones satisfying d%aij — djdji, and let A + be its set of positive roots and M := |A+|. 

Fix also a root of unity q of order N = mn, m 7 n > 1, q^ := q diCLi ^ {ai} the 
canonical basis of Z e , \ '■ Z e X iP — > k x the bicharacter determined by x( a ii a j) — 
Qij, 1 < i,3 < 0. Let qg := x(/3,/3) and Np := ordg^, for each (3 e A + . 

We will describe the corresponding Nichols algebra B(V) of diagonal type at- 
tached to (qij) and the corresponding Hopf algebra obtained by bosonization by 
a particular abelian group. We refer to |A2( Theorems 1.25, 3.1] for the corre- 
sponding statements about the Nichols algebra. Fix a basis x%,...,xg of V, the 
group r = (Ztv) 61 , with generators 71, . . . , 79 of each cyclic group of order N, and 
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consider the realization of V as a Yetter-Drinfeld module with comodule structure 
determined by 6(xi) = 7i ® X{. Recall that the braided adjoint action of Xi has the 
following property: 

(ad c Xi)y := xiy — x( a i, P)v x ii V G S(V) if — homogeneous of degree fj. 

The associated finite-dimensional pointed Hopf algebra H = B(V)#kT is de- 
scribed as follows. As an algebra, it is generated by 71, ... ,70, x±, . . . ,x$, which 
satisfies the following relations: 

7f = 1, Uli = 7j7tj HXj = qijXjli, 

(adcX^-^Xj = 0, j, x N / = 0, p e A+, 

if A > 8 (otherwise we need extra relations). Each is an homogeneous element 
of B(V) of degree /3, obtained for a fixed convex order on the roots Pi < Pi < ■ ■ ■ < 
Pm, and H has a PBW basis -B as follows: 

{7? 1 ■ ••Tfl'afc ■■■x%:Q<a i <N,0<b j < 
The coproduct is determined by 

A(7i) = 7i ® 7i, A(xj) = ^ <gi 7i + 1 

We consider n*, G N such that A = n^mi for each 1 < z < 6*. For each a £ N, 
we denote by /ij(a) the remainder of a on the division by n,. Call gi — 7"% and let 
G be the subgroup of T generated by gi, . . . ,gg. Therefore, 

G — Z mi x • ■ ■ x Z me , G := r/ G — Z ni x • • ■ x Z ra8 , 

and a set of representatives of G' is given by 7" 1 72 2 J < a,; < n*. With this 
information we can determine j : Q — > H and 7r : iJ — > kG by 

i(7r---7 9 o ^)=7f i(ai) ---7r (a9) x, 

where dj £ N, x = x^ •■•Xg . By Proposition 13.31 we have that (7^, $(^)) = 
Xj(gi) = for each pair 1 < i, j ' < 9, so $ is univocally determined, and we need 
the extra conditions N\nirij, which is equivalent to mi\rij, because (gj,<&(gi)) = 1 
for all i,j. To determine explicitly the coquasi-Hopf algebra structure of Q, we 
consider the basis 



B := 



{ 7 r---7 e a9 x : 0<a i <n i ,x = x h p »-x% 1 }. 



Given two elements x, y of B(V) of degree (ei, . . . , eg), (fi,...,fe) € Nq, respec- 
tively, and < di, bi < rij, we compute 



(ai 00 bi bo \ 

7i ---le x >7i ■■■ley) = 11 



( f >j+/j-A'j(''j+/j))(ai+ei)-&jei 



l<i,j<6 



Ui(oi+6i) u fl (ae+6e) v „ 

7i '''79 x yi 



For each x, y, z £ B(V), < a,;, bi, c$ < rij, the associator is computed as 

w l7i ••■7e x :7i ■••7ey ) 7i ' ' ■ 7 Z J - tfx,i d y,i<W _[_[ 3y 

i<ij<e 
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Note that we can obtain the quasi-Hopf algebras appearing in jEG| as the dual 
structures of the coquasi-Hopf algebras obtained for T = (Z n 2) e and G = (Z„) e as 
a subgroup of T, i.e. N = n 2 , rrii = rij = n. 

Example 3.9. Finally wc consider some de-equivariantizations related with a 
Nichols algebra of diagonal type but not of Cartan type. Consider a braiding whose 
diagram is the last one of row 9 in [HI Table 1], and an associated H = B{V)#hY. 
Here we fix T — Zgjv x %ism, with generators 71, 72 of each cyclic subgroup, re- 
spectively, and a root of unity q of order 9. Using the presentation given for the 
corresponding Nichols algebra in |A2[ Theorem 3.1], we can describe H as follows. 
As an algebra, it is generated by 71, 72, x\, x 2 , and relations 

lt N = 7 2 18M = 1) 7i72 = 727i, 7^j7r 1 = Ho x h 
x\ = x% = x\l = x{f 2 = x n2 y - qyxi 12 = 0, 

where qn = q 3 , q 12 = g 4 = qiu 9n = -1, (ad c a^)y := x t y - (jiy% 1 )x for each 
i = 1,2, and each y G B{V), and we consider: 

£12 = {a,A c x 1 )x 2 , y = xu 2 xi2 +x 12 xi 12 , 

Z112 = {ad c xi) 2 x 2 , z = yxi2 - q 2 x i2 y, 

so by [Ml Theorem 1.25] H has a PBW basis B as follows: 

{li 1 J?xl 6 x\ 2 z bi y ba x b 1 \ 2 x b 1 1 : < ai < 9iV,0 < a 2 < 18M,0 < b 2 ,b 5 < 18, 

61,63 G {0,1, 2}, 64,6a G {0,1},}. 

The coproduct is determined by 

A(7i)=7i®7i, A(xj) = Xi <g> 7f + 1 ® Xi. 

Fix n,ri\,m,m\ G N such that 9A r = nri\ and 18AT = mmi. For each a G N, 
we denote by a' (respectively, a") the remainder on the division by n (respectively, 
to). Call gi = 7™, g 2 = 7™, and G the subgroup of T generated by g\ and g 2 . 
Therefore, 

G — Z ni x Z mi , G := r/G ~ Z„ x Z m , 

and a set of representatives of G 1 are 7i 1 7 2 12 , < ai < n, < 02 < to. Also, we 
can write explicitly: 

.KtTt!^) = 7i' 1 72 4 'x, ^( 7 r7 2 a2 x) = 7 1 ai " a ' 1 72 a2 " 4 '£(x) G G, a, 6 N, x G B. 
By Proposition 13 . 31 we have that 

(ji,$(gi)) =xi(ffi) = «ii. (7S>*(ffi)> = Xa(ffi) = 9i2> 

(71,^(32)) = xi (sa) = 92", (72,^(52)) = x 2 (.g 2 ) = q? 2 , 

so is univocally determined, and moreover it tells us that to, n should satisfy 3|n, 
2|to, 9|mn, because (gj,$(gi)) = 1 for all i,j G {1,2}. 

We compute the structure of the coquasi-Hopf algebra associated to this datum. 
Note that the following set is a basis of Q: 

B := { 7 i 1 72 2 x : < a x < n, < a 2 < to, x G B ) . 
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Given xj 6 B of degree (ei, e2), /a) £ Nq, respectively, and < a\,b\ < n, 
< 0,2, &2 < ti, we have that 



"H7i 7 2 x ,7i 7 2 y) = 9n 9i2 



-6iei _(bi+/i-(!'i+/i)')( a 2+e2)-6ie2 



^(D2+/2-(D2+/2)")(ai+ei)-o 2 ei -6 2 e 2 (ai+&i)' (a 2 +b 2 )" 
921 922 7l 72 

where we use that 3|n, 2|m. And the associator is given by 

, ./^.ai a 2 hi b 2 ci c 2 \ _ r r r a 2 (hi +ci -(61 +ci )') ai (h 2 +c 2 -(6 2 +c 2 )") 

w Oi 72 x :7i 72 y>7i 72 z ) — °x.,i0y t id Xt iq 12 q 21 , 

where x, y, z € S, < oi, 61, ci < n, < a2, b%, < m. 
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